
Math Logic: Model Theory & Computability
Lecture 09

simple
Examples Continued) . (b) The theory of 'undirected graphs without loops in the signature
of graphs Tgrph := (E) is UGRAPHS :

(i) xWg)xEy -> yEx)
(ii) x ( - xEx)

(2) Recall that a simple) graph G := (V
,
E) is called bipartite if V admite

a partition V= V , WV such But there are no edges between the vertices

for it, 2 . Equivalently , G admits a proper coloring will I
inVi 1 and 2

. (Apper loving of a graph will a colours is a faction
c : V-sn = = 40 , 1 , ..., n- 13 such hat adjacent vertices get different colours .)

Is the clam of bipartite graphs axiomatizable ? Just from the definition
it seems like not because we wouldreed to express "there is a subset

V , IV such that blablabl ...
"

.
However

,
there is an equivalent condition

to bipartitenes that is first-order expressible :

Prop. A graph is bipalite if and only if it has no old cycles.
Proof

. =S . Straightforward home old cycles are not 2-plorable
.

C
.
Ifs old gales , we can colour the graph as follows : choose a startin
point from each component , colour it red

,
hen itsneighbours blue,

then their new neighbours red and so on
.

We will never reach
j

a situation where a vertex is a neighbour of both a blece
and aed verfex bear this implies an odd cycle .

Using his
,

the Heory BIPGRAPHS : = UGRAPHS U (2 Y(KH : BE IN'S axiomar



tizes the clam of bipartite graphs , where for not , Yu says
that there is a simple

Ino repeated vertices) cycle of leath n :

44 : = Exp x ,...7 xn(fXiExin)1(X0 = x2) xi FXj ·

Pricin

(3) In the signature -p0 := (1) , the throy PO :

(P01) Wx(x(x)
(PP2) xkg()x < y1y(x) -> x = 3)
(PO3) xW > tz)) x = y 177) + x = z)

axiomatizes the can of partial orders. Adding
(20) V xky(x =

y Vy(x)
axiomatizes the clas of linear orders. However

,
there is

us axiomatization for the dan of well-orders
, namely those

linear orders in which every monempty subset has a minimum
.

(d) In 5gp
:= (1 ,., (1") , the Reor axiomatizing all groups is GROUPS :

(6P1 KxFgVz (x , y) · z = x. (y - z)

(GP2) x(1 .

x = x 1x 1 = 4)

(GP3) Vx(x x
+
= 1 1 x x = 1)

.

We could also axiomatize groups amoung
all [syp := 1

. ) - structures : (CPI)

stays the same while (GP2) and (GPS) are replaced with
(2P2* ]vKx(v . x= x 1x . v = x)
(2P3*) Ev Ex Ey (vx = x 1 x . v= x 1x -

y : r1y . x = r)
.

We can also aximatize abelian groups , but the clanes of cyclic groups live.
A-generated) and non-yalic groups are not axiomatizable

.

Indeed
, clic

groups are those in which Exfy(there is neN)(Ay V X x"
.....x= 3)

.

mn



/le) Similarly in the signature 8 := (0
,

1
, +,

-1)
,
. ) we define the theory

RINGS axiomatizing the clamt of wings.

# In the same signature Tong , bt FIELDS be te theory RINGS L

gether with (FLDA) Wx(x + 0 -> ]y(x . y = )1y . x = 1)
(F(82) KxVy(x -

y = gx)

19) For a prime number pEIN" , the theor of fields of characteristic

p is FIELPSp := FIELDS U 4 1 + 1+... + 1 = 03 .

m

p times

Also
,
the fields of characteristic O are axiomatized by

FIFLDSo := FIELDS U (1 + H ... + 1 + 0 : PENN is prive) ·
m

p times

(h) The theor ACF axiomatizes the clan of algebraically
closed fields : ACF :I FIELDS ~ the following infitely many axioms :

for each neNt
,

Uni = FroV, .. Un (Un#8 -> Ex (no + Mix + ...+ Hix= 0) ,

where x := X . X :... 'Y
.

A well-known rock) of ACF is the field
-
I

of complex numbers
,
but there are countable models too

,
e .g. the

algebrais closans of finite helds or of R .

We also denote by ACEP
,
for p prime or O, the heory

ACFUFIELOSp of algebraically closed fields of characteristic p.

(illustly ,
the theory of sets , called EFC (= Fermelo -Fracabel oh Mey with

Choice)
,

is an infinite they in the signature 53 : = (c)
,
where E



is binary rel
. Symbol , those axious state when two sets are equal,a

te existence of pairs , unions, definable schsels, powerset, an infinite set
,

teer with axion of Choice
.

and a comple more technical axioms
, boge

The list is a bit too long to give here
,
but can be found online,

eitinm pagelateve notes "Alch intro
to basic ot Rory oe e

Important examples of theories come from concrete restructures :

Def . The theory of a i-structure A := (A
,
i) is the set

Th(A) := 43t Sentences (i) : A F4]
of all --sentences true in A .

Although tories of structures are really the main object of study in model

throy , in the rest of mathematics
, they are typically not useful since

we can't usually tell which sentences are in ThIA) fr a structureA .

Example. For the structure of arithmetic I := (IN
,
0
,
3
, +, ) , we (humans) still

don't know whether the centences are in Th(N) or not :

GOLDBACH := kx(dir(2 ,x) -> Fy7z(primely) 1 prime(z) 1 x = y + z)

and -z(x+ z = y)

TWINPRIME := KxEy (six 1 primely ~ prime (S(S(y() ·


